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Abstract 



We propose a manifestly covariant canonical method of field quantization based on the 
classical De Donder-Weyl covariant canonical formulation of field theory. Owing to covari- 

■ ance, the space and time arguments of fields are treated on an equal footing. To achieve 
both covariance and consistency with standard noncovariant canonical quantization of fields 

■ in Minkowski spacetime, it is necessary to adopt a covariant Bohmian formulation of quan- 
tum field theory. A preferred foliation of spacetime emerges dynamically owing to a purely 
quantum effect. The application to a simple time-reparametrization invariant system and 

I quantum gravity is discussed and compared with the conventional noncovariant Wheeler- 

■ DeWitt approach. 

o 

^ ■ 1 Introduction 



One of the main open problems of modern theoretical physics is how to combine the principle 
of quantum mechanics with the principle of general relativity. One aspect of this problem - the 
, existence of nonrenormalizable infinities in perturbative quantum gravity - seems to be solved 

by two major approaches to quantum gravity, namely, by string theory P and by loop quantum 
gravity [21 El ID- Nevertheless, neither of these two approaches fully incorporates the principle 
of general relativity. String theory is a perturbative approach depending on the choice of the 
I background metric, while loop quantum gravity is a canonical approach that does not treat time 

on an equal footing with space. There are attempts to solve these problems by introducing a 
background independent M-theory for strings or a spacetime spinfoam formalism for loops 
but these attempts are not yet fully successful. 

An alternative, in a sense more conservative approach is to try to modify the usual canonical 
quantization rules for fields (where time plays a special role) by introducing covariant canonical 
quantization rules. In fact, several classical covariant canonical formalisms are already known, 
such as the covariant phase space formalism [£l Ej and various versions of the multimomenta 
formalism (see, e.g., |H1 1^1 El and references therein). Unfortunately, a satisfying method of 
quantization based on some of these classical formalisms is still not known. Perhaps, the most 
towards covariant canonical quantization of fields has been done in where a method of 
quantization of the classical De Donder-Weyl covariant canonical formalism has been proposed. 
(For the application to quantum gravity, see 521-) However, this proposal suffers from two 
problems. First, the quantum formalism introduces a new fundamental dimensional constant, 
the physical meaning of which is not completely clear. Second, the theory is able to describe 
the usual time-space asymmetric wave-functional states ^'([0(x)], i), but only if ^'([(/)(x)], t) is a 
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product state of the form Hx ^('/'(x), x, t). The aim of this paper is to propose a different method 
of quantization based on the classical De Bonder- Weyl formalism, such that the problems of the 
approach of jJJ are avoided. 

Before starting with the De Bonder- Weyl formalism, let us give a few additional qualitative 
remarks on possibilities for covariant quantization. The classical covariant phase space method 
[HI m rests on the existence of space of classical solutions to the equations of motion. However, 
in the conventional formulation of quantum field theory, it is not clear what might play the role 
of an analog of classical solutions. On the other hand, in the deterministic Bohmian formulation 
of quantum field theory ^J^JEJ^], such an analog exists. This suggests that the Bohmian 
formulation might be a basis for a covariant formulation of quantum field theory. In fact, 
among various equivalent formulations of nonrelativistic quantum mechanics |17j , the Bohmian 
formulation is conceptually the most similar to classical physics, which again suggests that 
well-understood classical covariant theories might be covariantly quantized most easily by using 
the Bohmian formulation. Finally, since space and time should play equal roles in a covariant 
quantum field theory, in general, one might expect wave functionals of the form ^([(j){x)],x) 
instead of the usual time-space asymmetric wave functionals ^'([(/>(x)], i). This implies that 
time-dependent fields (j){x) = 0(x, t) should play a role in a covariant approach, which might 
be related to the Bohmian formulation that assigns a deterministic time evolution to the field 
0(x,t). 

Of course, the arguments above have only a heuristic value and are not sufficiently convincing 
by themselves. However, in the present paper, the heuristic arguments above are turned into 
much stronger and more convincing arguments. In contrast to the usual approaches to Bohmian 
mechanics, the Bohmian formulation is not postulated for interpretational purposes, but derived 
from the purely technical requirements - covariance and consistency with standard quantum 
field theory. In this way, a covariant version of Bohmian mechanics emerges automatically, as 
a part of the formalism without which the theory cannot be formulated consistently. This, 
together with the results of flHl [TH] related to relativistic first quantization, suggests that it is 
Bohmian mechanics that might be the missing bridge between quantum mechanics and relativity. 
In addition, we also note that the Bohmian interpretation might play an important role for 
quantum cosmology |2U1 1211 \T2\ 1231 124j and noncommutative theories |25j . 

The paper is organized as follows. Sec. 121 contains two subsections, one presenting a short 
review of the classical covariant canonical De Donder-Weyl formalism, while the other presenting 
a short review of the Bohmian formulation of the conventional canonical field quantization. For 
simplicity, the results are presented for a real scalar field in flat spacetime. The central section. 
Sec. 01 combines the results presented in Sec. |21 to formulate a covariant canonical quantum 
formalism consistent with the conventional canonical quantization of fields in flat spacetime. 
Sec. m contains generalizations that include a larger number of flelds and curved spacetime. In 
Sec. El the formalism is applied to a simple toy model with time-reparametrization invariance, 
as well as to quantum gravity. The discussion of our results is presented in the final section. 
Sec. El 

In the paper, we use the units such that the velocity of light is c = 1, while the signature of 
the metric is (+, — , — , — ). 

2 Preliminaries 

2.1 Classical De Donder-Weyl formalism 

In this subsection we briefly review the classical covariant canonical De Donder-Weyl formalism. 
(For more details, we refer the reader to [51 12^] and references therein.) For simplicity, we 
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present the formalism for one real scalar field in Minkowski spacetime, while the generalizations 
are discussed in Sec. H) 

Let be a real scalar field described by the action 



A 

where 



j (fxC, (1) 



C = -{d^(t>){d^(t>)-V{4>). (2) 



1 

2 

The corresponding covariant canonical momentum is given by the 4-vector 

dC 



The covariant canonical equations of motion are 

on „ „ dn 



d''(P. (3) 



^<P = 1^^ 9,^' = -!^' (4) 



where the scalar De Bonder- Weyl Hamiltonian (not related to the energy density!) is given by 
the Legendre transform 

= ^vr% + y. (5) 

Eqs. are equivalent to the standard Euler-Lagrange equations of motion. By introducing the 
local vector S^^{(f){x),x), the dynamics can also be described by the covariant De Bonder- Weyl 
Hamilton-Jacobi equation 

n(^-^,^j+d,s^^ = o, (6) 

together with the equation of motion 

a-*-,".— . (7) 

Note that in ©, is the partial derivative acting only on the second argument of S^{(p{x), x). 
The corresponding total derivative is given by 

d, = d, + {d,^)^. (8) 

Note also that © is a single equation for four quantities S^. Consequently, there is a lot of 
freedom in finding solutions to ©• Nevertheless, the theory is equivalent to other formulations 
of classical field theory. 

Now, following we consider the relation between the covariant Hamilton-Jacobi equation 
© and the conventional Hamilton-Jacobi equation. The latter can be derived from the former 
in the following way. Using (jSJ, © takes the explicit form 

Using the equation of motion ^ , we write the first term in Q as 
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where i = 1, 2, 3 are the space indices. Similarly, using and (jSJ, we write the last term in © 



as 



Now introduce the quantity 



so that 



S = j cl^xS^, 
dS'^{<p{x),x) 6S{[(t>{x,t)],t) 



where 



d(j){x) 

6 ^ 5 
6(j){x;t) ~ 6(j){x.) 



x;t) 



{x)=<^{x,i) 



(11) 

(12) 
(13) 
(14) 



is the space functional derivative. Thus, putting (|1UI) . (|11|) . and (|13j) into © and integrating 
the resulting equation over d^x, we obtain 



d^x 



1 / 6S 



1 



+ dtS = 0, 



(15) 



which is the standard noncovariant Hamilton-Jacobi equation (written for the time-dependent 
field (f){x,t)). The time evolution of the field <j){x,t) is given by 



5t</>(x,t) 



6S 



x;t)' 



(16) 



which is a consequence of the time component of Q. Note that in deriving (|15|) from Q, it 
was necessary to use the space part of the equations of motion ((T)). Whereas this fact does not 
play an important role in classical physics, it has far reaching consequences in the quantum case 
studied in Sec. 01 



2.2 Bohmian formulation of quantum field theory 

Quantum field theory can be formulated in the functional Schrodinger picture as 

where, for the real scalar field (j), 



H = d^x 



x)y +^(^'^)' + ^('^) 



(17) 



(18) 



By writing 

^([0(x)],i) = 7^([0(x)],^)e*'5{[0(x)],^)/n^ (^9) 

where TZ and S are real functionals, one finds that the complex equation (|17|) is equivalent to a 
set of two real equations 



d^x 



d^x 



5TZ 5S 

5(/.(x) 5(/.(x) 



+ J 



+ dtS = 0, 
+ dtU = 0, 



(20) 
(21) 
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where 



^~ 27^<5(/>2(x)' ^^^^ 



Eq. (|2H) is also equivalent to 



9i7^^ + / d-'x—-- ( 7^2-|^ ) = 0. (24) 



(x) V <50(x) 

Eq. p4jl represents the unitarity of the theory, because it provides that the norm 

J [#(x)] = J [(i0(x)] (25) 

does not depend on time. The quantity 7^^([(/)(x)], t) represents the probability density for fields 
to have the configuration 0(x) at time t. Instead of starting with (|17() . one can equivalently take 
Eqs. (|2()|) and (|21|) as the starting point for quantization of fields. In addition, since ^ must 
be a single-valued quantity, in the approach based on (PU)) and (PT|) one must require that the 
quantity expiS/H should be single valued. 

Eqs. ()2U|) and H24|) also suggest an interesting interpretation, known as the Bohmian inter- 
pretation of quantum field theory |13| 1141 II 5| I16j . The interpretation consists in the assumption 
that quantum fields have a deterministic time evolution given by the classical equation (|16() . Re- 
markably, the statistical predictions of this deterministic interpretation are equivalent to those 
of the conventional interpretation. In the deterministic interpretation, all quantum uncertainties 
are a consequence of the ignorance of the actual initial field configuration (/>(x, ig)- The main 
reason for the consistency of this interpretation is the fact that (|24|) with represents the 
continuity equation, which provides that the statistical distribution p{[(f){x.)],t) of field configu- 
rations 0(x) is given by the quantum distribution p = TZ^ at any time t, provided that p is given 
by 7^2 at some initial time to. The initial distribution is arbitrary in principle, but a quantum 
H-theorem j2jl explains why the quantum distribution is the most probable. 

Comparing H2U|) with (|15() . we see that the quantum field satisfies an equation similar to 
the classical one, except for an additional quantum force resulting from the nonlocal quantum 
potential Q. (The nonlocality implies that the Bohmian hidden variable theory, with (j){x,t) 
being the hidden variable, is not in contradiction with the Bell theorem that asserts that local 
hidden variables cannot be consistent with quantum mechanics.) The quantum equation of 
motion turns out to be 

dV{(j)) , 6Q_ 
(x;t) 

where Q = J d^x Q. The last term represents the deviation from the classical equation of motion. 

The Bohmian interpretation may seem appealing to some, while unattractive to the oth- 
ers. An appealing feature is an explanation of the notorious "wave function collapse". An 
unattractive feature is the fact that the Bohmian interpretation is not covariant and requires 
the existence of a preferred Lorentz frame not determined by the theory, despite the fact that 
the statistical predictions obtained by averaging over hidden variables are Lorentz invariant |15j . 
However, at this level, nothing forces us to adopt this interpretation, just as nothing prevents 
us from adopting it. Adopting or rejecting this interpretation is more like a matter of taste. As 
we shall see in the next section, in the manifestly covariant formulation of quantum field the- 
ory based on the De Bonder- Weyl formalism, the situation is quite different. There, one must 
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adopt a covariant version of the Bohmian equations of motion, because otherwise one cannot 
retain both covariance and consistency with the standard canonical quantization in Minkowski 
spacetime. 



3 Covariant canonical quantization 

Our basic idea for covariant canonical quantization is to find a quantum substitute for the 
classical covariant De Bonder- Weyl Hamilton- Jacobi equation (jUJ. For this purpose, we first 
formulate the classical De Bonder- Weyl theory in a slightly different, more general way. Let 
A( [(?!)], x) be a functional of 4>{x) and a function of x. We define the derivative 



d<j){x) J 54>{x) 

where 5/5(j){x) is the spacetime functional derivative (not the space functional derivative in dJ). 
In particular, if 74([(/)], x) is a local functional, i.e., if A([(/)],j;) = y4(</)(x), x), then 

dA{(t)(x),x) _ f ^4^, dA{c^{x'),x') _ dA{c^{x),x) ^^g) 



x) J 64>{x) d(t){x) 

Thus we see that the derivative d/d(f) is a generalization of the ordinary partial derivative d/d(j)^ 
such that its action on nonlocal functionals is also well defined. An example of a particular 
interest is a functional nonlocal in space but local in time, so that 

^mw) _ 5Am,x') , _ 

<50(x) " 50(x;xO) '^^'^ ^ >■ ^^^^ 

In this case, one can write 

Being equiped with these mathematical tools, we can write Q as 



IdS.dS^' 
2 



^ ^ +y + 9^5'^ = 0, (31) 



which is the form appropriate for the quantum modification. Similarly, the classical equations 
of motion ((Jj) can be written as 

»'> = ^- (^^> 

Now we are ready to propose a method of quantization that combines the classical covari- 
ant canonical De Bonder- Weyl formalism with the standard time-space asymmetric canonical 
quantization of fields. Our starting point is the relation between the noncovariant classical 
Hamilton- Jacobi equation (|T5|) and its quantum analog (|20|) . Suppressing the time dependence 
of the field in H15|) . we see that they differ only in the existence of the Q-term in the quan- 
tum case. This suggests us to postulate the following quantum analog of the classical covariant 
equation (jHT|): 

Here = ([(/>], x) is a functional (not merely a function) of 0(x). This means that at x 
may depend on the field (/>(x') at all points x' . Such spacetime nonlocalities absent in classical 
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physics are expected in quantum physics. Indeed, space nonlocahties appear in the conventional 
time-space asymmetric quantum field theory. Here, for the sake of covariance, we also allow the 
time nonlocahties (see also |19j). Thus Eq. H33|) is manifestly covariant, provided that Q given 
by ()22() can be written in a covariant form. The quantum equation (|33|) must be consistent with 
the conventional quantum equation l|2U|) . Indeed, by using a similar procedure to that used to 
show that © implies (fT3)) . one can show that implies (I^U)) . provided that some additional 
conditions are fulfilled. First, must be local in time, so that (|3fl|) for A = can be used 
(compare with (jT^'l. Second, must be completely local, so that dS^/d(j) = dS^/d4>, which 
implies 

diS' = diS' + (d^cj))— (34) 
d(p 

(compare with ©)• However, just as in the classical case, in this procedure it is necessary to 
use the space part of the equations of motion ((71). Therefore, these classical equations of motion 
must be valid even in the quantum case. Since we want a covariant theory in which space and 
time play equal roles, the validity of the space part of the equations of motion O implies that 
their time part should also be valid. Consequently, in the covariant quantum theory based on the 
De Bonder- Weyl formalism, one must require the validity of (|32j) . This requirement is nothing 
but a covariant version of the Bohmian equation of motion, written for an arbitrarily nonlocal 
S^. (Note that, in order to achieve the consistency of the De Bonder- Weyl quantization with 
the conventional quantization, the space part of the classical equations of motion have also been 
used in the approach of jUj. However, in that paper, the physical consequences of this fact have 
not been recognized.) 

The next step is to find a covariant substitute for Eq. (|21|) . For this purpose, we introduce 
a vector R^^{[(j)],x). The vector field can be viewed as generating a preferred foliation of 
spacetime, such that, in this foliation, the vector is normal to the leafs of that foliation. This 
allows us to introduce the quantity 

7^(M,S) = / d^^R^, (35) 

where E is a leaf (a 3-dimensional hypersurface) generated by R^. Similarly, a covariant version 
of ((121) reads 

5([0],S)= / (36) 
where S is generated by R^ again. Consequenly, the covariant version of (|19j) reads 

^m,^) = 7^([0], S)e^'5(['^]'^)/^. (37) 
For i?^ we postulate the equation 

In this way, a preferred foliation emerges dynamically, as a foliation generated by the solution R^^ 
of the equations (|38j) and (|33|) . Note that R^ does not play any role in classical physics, so the 
existence of a preferred foliation is a purely quantum efi'ect. Now the relation between (|38() and 
(|2H) is obtained by assuming that nature has chosen a solution of the form i?^ = (i?*^, 0, 0, 0), 
where R^ is local in time. In this case, by integrating ()38|) over d^x and assuming again that 5" 
is local in time, one obtains ()21|) . Thus we see that (|38() is a covariant substitute for ()21() . 
It remains to write covariant versions of (|22|) and (|23|) . They are simply 

^ = "2^5^^' ^^^^ 
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where 5/5s(j){x) is a version of (|14j) in which S is generated by R^. Here E depends on x (the 
point X is an element of E) and E is kept fixed in the variation 6j](f){x). Thus, (|38() with H4U() 
and (|3.S|) with (|39|1 represent a covariant substitute for the functional Schrodinger equation (|17|) 
equivalent to dHJ) with ((13) and (EOl) with (0^ . 

The covariant Bohmian equations (|32|) imply a covariant version of p6j) 

Since the last term can also be written as 6( J d'^xQ)/6(p{x), the equation of motion 1)41(1 can be 
obtained by varying the quantum action 

^Q = J d^xCQ = J d\{C - Q). (42) 

To summarize, our covariant canonical quantization of fields is given by Eqs. H38|). ((39|1 . 
(|4U|) . and (|32|) . The conventional functional Schrodinger equation corresponds to a special class 
of solutions of (ESI), dSHl), dSi) and (001), for which = 0, 5* are local, while R^ and 5° are 
local in time. 



4 Generalizations 

In this section we generalize the results obtained so far to include the cases of a larger number 
of fields, as well as the case of curved spacetime (that may be either a background spacetime or 
a dynamical spacetime). 

Let 4){x) = {(/)a(x)} be a collection of fields. We study a classical action (^, with C taking 
the form 

C = \G^\^,x)g^^{x){d^(t^a){d,h) (43) 

+F'^^(0,x)a^</.a-y(0,x). 

In particular, G"^, F""^, and V are proportional to l^l^^^, where g is the determinant of the 
metric tensor g^y. Thus the factor included in the definition of C, which makes the 

application of canonical methods easier. (The price we pay is that the general covariance is 
slightly less manifest.) We also introduce the quantity Gab defined by 

GafeG^^ = 51. (44) 

Thus Gab is the matrix inverse to G""^ . (For the case in which the inverse does not exist, 
see below.) This allows us to consistently raise and lower the indices a, 6 with G""^ and Gab^ 
respectively. Since G""^ oc l^l^^^, we see that if d^(f)a is a tensor, then d^cj)'^ is a tensor density. 
Now the canonical momenta are 

d{d^(t)a) 

while the De Donder-Weyl Hamiltonian is 

H = 7r"^5^0a-/: (46) 
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The corresponding covariant canonical equations of motion are 

dH 

^>'^^a^. = -Gab^ ^ -daTi. (48) 
o(f>b 

Here da = Gabd^ 7^ d^Gab, because Gab depends on (p. The covariant Hamilton- Jacobi equations 
are 

0(f>a 

^{d''S>'){daS^) - Faf.d^S'^ + ^F'^'^Faf, + V + 9^5^ = 0. (50) 
The total derivative is 

df. = df, + (a^0a)5^ (51) 

It is instructive to show explicitly that (|5U() is general covariant. It is not difficult to see 
that each term in (|5flj) is proportional to jfi'l^^'^, i.e., that the left-hand side is a scalar density. 
In particular, is a vector density, so we write = \g\^^'^S^, where is a vector. To 
obtain a scalar equation, we multiply the whole equation with The last term becomes 

\g\~^/'^d^{\g\^^'^ S^), which is nothing but the covariant derivative V^S^. In a similar way, one 
can show that all other equations of this section are also general covariant. 

The general covariant generalisation of the derivative (|27|) depends on the tensor nature of 
A. In our case ^4 is a vector density j4^, so H'27() naturally generalizes to 



#(x) |5(x)|i/2 7 > 5(j)(x 

Here is the tetrad satisfying e-^e"*^ = g'^'^ , where a is an index in the internal 50(1, 3) group. 

Now the quantization is straightforward. In 1)50^. one replaces the derivative with the 
derivative d°' = d/d4>a and adds the Q-term. The quantum potential is 

Q = -^T^Gabj^n. (53) 

Eq. generalizes to 

{d''R^') {daS^) - Faf.d'^R^' + J + d^R'' = 0, (54) 

where 

and r'^ = R^^ /{R^RxY^^ . The particular orderings in and are chosen so that they lead 
to a Schrodinger equation with a hermitian Hamilton operator. Eqs. ()35|) and H36|l now take the 
manifestly covariant form 

7^([</.],E) = / dS^i?^ (56) 



s 

sm,^)= [ (57) 

where and R'^ = R'^/\g\^^'^ are vectors. The wave functional is again given by (|37() and the 
Bohmian equations of motion 

df,(l)a = daS^ - Fa^ (58) 
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are equivalent to the equations obtained by varying the quantum action (|42() . 

The formahsm can be further generaUzed to the case in which G°'^g^'^ in ()4c{() is replaced 
with a more general quantity of the form Q""^^^ . This, of course, does not present any problem 
for the classical formalism. The quantum equation (|54() generalises to 

Gab,u^^ - Gabf.uF'"^ + J + d,R^ = 0, (59) 
d(j)a d(f)b acpa 

where Gab^u is the inverse of G"^^'^, in the sense that 

G'^^'^^'Gy,,,, = 5t5^,. (60) 

The generalizion of and (|55() consists in the replacement of Gab in and with g'^^^ , 
where 

Gi? = Ga,,,r^rr (61) 

By considering the case 

= (i?o, 0,0,0), it is easy to see that this generalization leads to the 

usual Schrodinger equation. 

In some cases, such as gauge theories, the invers of G""^^^ does not exist. In such cases, one 
can define G"'^^^^ and its inverse Gabfiu by introducing a gauge fixing term or by using other 
tricks 01111123. 

Our formalism leads to particularly interesting consequences when applied to quantum grav- 
ity and other theories with reparametrization invariance. We study this in more detail in the 
next section. 

5 Reparametrization-invariant theories 
5.1 A toy model 

Consider a system with two degrees of freedom <j)i{t) and (/>2(i)- Let the action be given by 

■ 2 



A= dtL= dt 



2 



^2 



(62) 



where the dot denotes the time derivative dt- The action is invariant with respect to time 
reparametrizations t i'it), (j)2 ^ 4>2 = {dt/dt')(f)2- As is well known, such theories lead to 
a Hamiltonian constraint and thus serve as toy models instructive for an easier understanding 
of some of the peculiar properties of classical and quantum gravity [201 . Here we study 
this model by using the Hamilton-Jacobi formalism. Since there is no space (but only time) in 
this model, the De Bonder- Weyl canonical formalism is identical to the conventional classical 
canonical formalism. 



The canonical momenta are 



^2 

Since vr^ = 0, the Hamiltonian is 



vr^ = ^ = vr^ = ^ = 0. (63) 




H = 7r^4>i - L = 02 + V]. (64) 
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The Hamilton-Jacobi formalism is given by the equations of motion 



dS 



dS 



IT 



vr 



together with the Hamilton-Jacobi equation 

1 fdS\' 



+ v 



+ dtS = 0. 



(65) 



(66) 



From the second equation in (jHSj), we see that S does not depend on 4)2- Consequently, by 
applying the derivative 5/502 to (|66|) . one obtains 



1 r ds_y 



+ F = 0, 



(67) 



which is nothing but the Hamiltonian constraint H = 0. It is equivalent to the equation of 
motion that one obtains by varying H62|) with respect to (j)2- Comparing ()67() with H66|) . one also 
finds 

dtS = 0. 



(68) 



Applying the derivative d/d(j)i to (|67|) . one obtains 

dS d dS dV 



+ 



0. 



Using and the fact that 
implies 



■ _d_dS_ _^dS_ 

d(j)i d(f)i d(j)i 



dt 



dV 

84)1 



(70) 



(71) 



This is nothing but the equation of motion obtained by varying 4>i in (EH) • 

Now consider the quantization. Following the general method developed is Sec. 0J we intro- 
duce the quantum potential 



Q = 

^ 2R 



and replace with 



1 f dSV 



+ V 



^2 31T 



+ Q + dtS = Q. 



(72) 



(73) 



Eqs. (|65|) are valid with the derivatives djd^a replaced with d/d(j)a- The conservation equation 
rGcids 

Applying the derivative d/d<p2 to (f73|) . we obtain 



I f dSV ~ ^ , dQ ^ 



(75) 
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where Q = (j)2Q- Combining ((7H)) and ((TSJ, we obtain 

5*5 -(02)^^ = 0. (76) 



Eqs. (f75|) and ((75|) are the quantum analogs of (|H7|) and (|E51) . respectively. 

Now compare the results above with the conventional method of quantization of the Hamilto- 
nian constraint, based on the Wheeler-DeWitt equation = 0. By writing ^ = Rexp{iS/h), 
one obtains 



1 / (i5 ^ 2 



^1 



+ V + Q = 0, (77) 
dtS = 0, (78) 



d f 2 '^S 



and 

V^)=0, (79) 

instead of ((TSJ, ((7^ . and (f71)) . respectively. In particular, we see that S and are time 
independent, which corresponds to the well-known problem of time in quantum gravity 
1321 133j . consisting in the fact that the wave function(al) 4' does not depend on time. In our 
approach, dtS ^ and dtR 7^ in the general quantum case, so there is no problem of time. 
However, our quantization contains the Wheeler-DeWitt quantization as a special case. If i? is a 
time-independent solution, then (fTi]) reduces to ([79]) . Consequently, R may be a ^2-independent 
solution of (|71)) . If R does not depend on 4)2, then ((7^ implies dQ/d(j)2 = 0. Consequently, H75() 
and (f76|) reduce to (|77j) and (f78|l . respectively. 

It is also instructive to show explicitly that our method of quantization leads to the Bohmian 
equations of motion that can be derived from the Lagrangian Lq = L — Q, ot equivalently, from 
the Hamiltonian 

Hq = H + Q. (80) 

We have 




#■=-^ = -02^ + ^ , (81) 



„ = = (4)! + V- + <5 + ^,f. (82) 

d(p2 2 d(p2 

The second equation in ()82|) is equivalent to (|75() . Therefore, the only nontrivial Hamilton 
equation that remains to be proved in the quantum Hamilton-Jacobi framework is the second 
equation in (|81|). Applying the derivative d/d<j)i to (|73|) and using (|65|1 and 

d + (f) d (83) 

d^i dipi d4>i d(j)i 



(compare with H7U() ). one obtains 



,1 , ( dV dQ 



^1 ^91 



(84) 
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which is the second equation in (|81() . 

Finahy, note that ()73() and 1)741) can also be derived from the Schrodinger equation 

= ifidt^. (85) 

At first sight, this seems to be inconsistent with the classical Hamiltonian constraint H = 0. 
However, in the classical limit ^ — > 0, ()85|1 leads to H66|). which, as we have seen, does lead to 
the Hamiltonian constraint (|67() . Thus, we have a remarkable result that ()85() is consistent with 
H = 0, provided that the Bohmian equation corresponding to the second equation in (jbSj) is 
valid. 



5.2 Quantum gravity 

In this subsection, we sketch the main points relevant for the application to quantum gravity. 
The classical gravitational action is 

A = J d^x\g\^/'^R, (86) 

where R is the scalar curvature. To write the Lagrangian in a form appropriate for a canonical 
treatment, we write 

bl'/'i? = ^G°^^^^^(9^<7a/3)(5.57<5) + total derivative, (87) 

and ignore the total-derivative term. The quantity Q<^Pt^^^^ and its inverse Gafi^'ySy depend on 
Qap but not on the derivatives of gap [2HllHSin3]- The fields (j)a are the components of the metric 
Qafj- The essential property of our covariant canonical quantization is that all 10 components 
Qafj are quantized, in contrast to the conventional noncovariant canonical quantization where 
only the space components gij are quantized. Following the general method developed in Sec. EJ 
one finds the following quantum equations: 

7;Gai3LfySu-; 3 \- Q + dfj^S^ = 0, 

2 dgaf^ dg.,s 

Ga/3^.^5u :^:^ + J + df.R^ = 0, (90) 



n_6_ (^r) _J_ 
2 5s5a/3 "^^''5S<?7/ 



J = -Tr—GlLTr:-S, (91) 

where 



The Bohmian equations of motion 



G% = Gap,,5.r^rr (92) 



dS^ 

dngaP = GajSfijSu-; — (93) 

ag-ys 

are equivalent to the equations of motion obtained by varying the quantum action 

Aq = J d^x{\g\'/'R-Q). (94) 
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This leads to the equation of motion 



Another suggestive form is 



where 



i?M-_^i?+|g|-i/2i^ = 0. (95) 
2 dg^^ 

The potential Q is a scalar density, so we can write Q = \g\^^'^Q, where Q is a scalar. Conse- 
quently, (j!?^ can be written as 

^M-^^_^(^_g) =0. (96) 

^R- Rf^^ = 8TrGNT'''', (97) 

WttGn \ dg^iy J 

Note that ()97() and 1)98^ imply that the Bohmian equations of motion are fully covariant. By 
contrast, if the quantization of gravity is based on the conventional canonical Wheeler-DeWitt 
equation that does not treat space and time on an equal footing, then the Bohmian interpretation 
leads to an equation similar to (|97|) . but with a noncovariant energy- momentum tensor of the 
form j^H] 

T'^ oc -f^, T"'^ oc Q5°^. (99) 
dgij 

We also note that, similarly to the toy model studied in the preceding subsection, the conven- 
tional Wheeler-DeWitt quantization correponds to a special case in which i?* = 0, 5* are local, 
while and are functionals which are local in time and do not depend on g^^ and x". 

The functionals 5^ and R'^ (that determine also ^) describing the quantum state are func- 
tionals of the metric gaf^. However, the theory is covariant, so one expects that physical results 
should not depend on the choice of coordinates, but only on the 4-geometry. In other words, 
the theory is expected to be invariant with respect to active 4-diffeomorhisms. At the moment, 
we do not know how to incorporate this property explicitly. However, if this 4-diffeomorhism 
invariance is explicitly realized, then one expects that ultraviolet divergences should be absent 
P]. Perhaps this could be realized explicitly by introducing a time-space symmetric version of 
loop quantum gravity based on the spacetime covariant Ashtekar variables |37j . 



6 Discussion 



The theory we have proposed in this paper offers a solution to several fundamental problems, 
but also rises some new problems. 

First, the theory offers a manifestly covariant method of field quantization, based on the 
classical De Bonder- Weyl formalism. The method treats space and time on an equal footing. 
Unlike the conventional canonical quantization, it is not formulated in terms of a single complex 
Schrodinger-like equation, but in terms of two coupled real equations. (In such a formulation, 
operators and commutation relations do not play any fundamental role.) Nevertheless, if the 
solution satisfies certain additional conditions, then the solution satisfies the conventional func- 
tional Schrodinger equation. These conditions are i?* = 0, locality of S^, and locality in time of 
R^ and S^. These conditions are clearly not time-space symmetric. Since the predictions of the 
Schrodinger equation in Minkowski spacetime are in agreement with experiments, one would like 
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to explain why nature chooses solutions that, at least approximately, satisfy these conditions. 
Our theory does not explain that. However, in our theory, the observed time-space asymmetry 
of quantum field theory becomes a problem analogous to the observed time-space asymmetry in 
cosmology (at large scales, the universe is homogeneous and isotropic in space but not in time), 
or to the observed time-space asymmetry of thermodynamics (the entropy increases with time 
but not with space). Nothing prevents solutions that obey the observed quantum, cosmolog- 
ical, or thermodynamical time-space asymmetric rules, but a compelling explanation of these 
rules is missing. This suggests that the observed quantum time-space asymmetry might be of 
the cosmological origin. Another possibility is that our covariant quantum theory should be 
reformulated such that the direction of fully determines the directions in which the relevant 
quantities are local/nonlocal, but this would make the theory less elegant and perhaps would 
suppress interesting nonlocal effects that might exist in nature. (For example, such nonlocal 
effects might play a role for solving the black- hole information paradox.) 

Second, the theory offers a solution to the problem of time in quantum gravity. In general, 
in our approach to quantum gravity, the functionals 5"^ and R'^ depend on both space and 
time. The corresponding wave functional ^ depends on the hypersurface. Nevertheless, in 
the classical limit, the Hamiltonian constraint is always valid. In addition, if the quantum 
state satisfies certain additional conditions, then it satisfies the conventional Wheeler-DeWitt 
equation (with a fixed ordering of operators!). 

Third, the theory offers a covariant version of Bohmian mechanics, with time and space 
treated on an equal footing. The covariance of Bohmian mechanics is a direct consequence of 
the manifest covariance of the quantization procedure. Note that a frequent argument against the 
previous versions of Bohmian mechanics is their dependence on the choice of the time coordinate, 
even when the predictions of the conventional interpretation of quantum field theory do not 
depend on this choice. In these previous versions of Bohmian mechanics, one has to choose a 
preferred foliation of spacetime in a more or less ad hoc way (for a recent interesting attempt, 
see [SHI)- approach, the preferred foliation is generated dynamically by R^. This quantity 

does not play any role in classical physics, so the preferred foliation is a purely quantum effect. 
However, the Bohmian equations of motion themselves have a manifestly covariant form and do 
not depend explicitly on R^. 

Fourth, our theory offers a new reason why one should adopt the Bohmian interpretation. Of 
course, our covariant method of quantization by itself, just as any other method of quantization, 
does not automatically imply the Bohmian interpretation. However, the need for the Bohmian 
interpretation emerges from the requirement that our covariant method should be consistent 
with the conventional noncovariant method. Those who, for some personal reasons, do not 
like the Bohmian deterministic interpretation, may take this as a problem of our quantization 
method. In our view, this result (see also the heuristic arguments presented in the Introduction) 
suggests that Bohmian mechanics might not be just one of interpretations, but a part of the 
formalism without which the covariant quantum theory cannot be formulated consistently. Note 
also that the adoption of Bohmian mechanics automatically removes uncertainties about the 
interpretational issues of quantum theory. 

We also note that, in general, R^ does not need to be timelike, so the preferred foliation does 
not need to be a foliation into spacelike hyper surf aces. This implies that our covariant canonical 
theory is able to deal even with spacetimes that are not globally hyperbolic. 

The existence of a dynamically generated preferred foliation may also play an important role 
in semiclassical gravity, especially for the problem of definition of particles. This is because the 
definition of particles in the conventional semiclassical gravity depends on the choice of time 

m- 

A problem we have not discussed in this paper is how to describe fermionic fields within the 
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covariant Bohmian framework. In fact, a "standard" Bohmian interpretation of fermionic fields 
does not yet exist even within the conventional canonical quantization. However, the work on 
this issue is in progress. 

To conclude, we believe that the quantization based on De Bonder- Weyl covariant canonical 
formalism is an interesting idea worthwhile of further investigation. The main advantage is the 
manifest covariance with space and time treated on an equal footing. Another advantage is 
the lack of the interpretational ambiguities because the Bohmian interpretation emerges auto- 
matically. The main problem seems to be the locality/nonlocality issue. The approach of 
appears to be too local, whereas the approach of the present paper allows nonlocalities that are 
not allowed by the conventional noncovariant Schrodinger equation. This may mean that the 
whole idea of quantization based on the De Bonder- Weyl formalism is wrong, or that it has to 
be reformulated, or that the nonlocalities absent in the conventional noncovariant quantization 
correspond to new genuine physical effects. 
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